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Abstract
This article focuses on the formation of the rod model based on analytical expressions describing the elements of the building 
frame elements and taking into account their physical condition. The rod elements are extensively used in the construction of
buildings. These are the frame elements - beams and columns, which usually have constant cross-sections. To a Single analytical 
models have been formed for typical structural elements to greatly simplify the modeling on the first level of the hierarchy 
superelement systems. Also the analytical expressions relating the internal characteristics of the straight bars with boundary
conditions at the nodes (the equation of state of the rod) have been made. The use of analytical models can more fully take into 
account the state of load-bearing frame structures when performing, for example, the analysis of the viability of the building 
frame. Given that the basic elements of modern frame buildings are the rods (frame), then the use of the calculations discussed in 
the article about an analytical model is quite rational.
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1. Introduction
In the analysis of the survivability of buildings a priority should be given to the role of mathematical modeling of 
its design in different operational situations. To those should be attributed both the normalized impacts - the static 
and dynamic loads, and various effects meeting emergency situations, as well as the need to take into account the 
physical condition of the items. In view of the inherent unification of the elements of modern buildings and their 
constructional modular structure, a mathematical model of a building can be built on the basis of the superelement 
method (SM) [1, 2, 3, 4, 5]. It should be noted that SM approach corresponds exactly to the use of a systematic 
approach [6, 7, 8, 9] to the problems of structural mechanics: substructure selection corresponds to decomposition -
one of the main methods of system analysis; associating super elements (SE) in a single ensemble - aggregation, the 
union of subsystems into a single system; Finite element simulation and elimination of internal degrees of the 
system corresponds to the subsystem mathematical modeling. It is remarkable that a systematic approach, as well as 
the SM, can be extended to arbitrarily complex multi-level system (or structure), and the ideology of one level of the 
hierarchy is applied to all the rest.
We stress that the most essential for the system model (SE model) is that the only important values are the 
unknown functions (movement and temperature) in the boundary nodes. They completely define the state in SE - in 
this case, displacements, stresses, strains, temperatures and thus allow to judge the strength of the structural element 
at the given external influences. But this does not necessarily require a discrete, finite element (FE) superelement 
model. It is enough to get the connection between the state within the object of research and the state in the 
boundary nodes in the form of analytical expressions. Then you can get uniform, analytical models, greatly 
simplifying the modeling on the first level of the hierarchy for the typical design elements. The paper [10] proposed 
one of the methods of formulation ratios for FE using analytical approaches. Due to the fact that the basic elements 
of the modern buildings are either rods (frame) or plates (filling openings: walls and partitions, floors), the use of 
analytical models is quite rational.
2. Equations of state of straight rods
The rods used like building structure elements are ubiquitous. These are the frame elements - beams and 
columns, which often have a constant cross-section (if not to take into account the support consoles) and a uniform 
composition - metal or concrete. In this subsection we assume these elements to be straight uniformed rods 
regardless of the properties of the cross-section. Consequently, the constant will be the stiffness of the rod on the EA
tensile, torsional GJP, on a bend in the two principal inertia planes of EJy and EJz. Here we have used the 
centerpiece coordinate system, where x axis is directed along the axis of the rod axis and passes through a section of 
the section gravity center, the y and z axises are the main central axises of the cross-section, A is a square of the
cross-sectional area, Jp is a polar moment of inertia, Jy, Jz are the principal central moments of inertia, E is Young's 
modulus, G is shear modulus.
Deformation of the rod is assumed to be small according to operating conditions. Then for modeling the rod 
Bernoulli's hypothesis [11, 12] can be used as well as the approaches presented in [20, 21] the following works:
• the hypothesis of plane sections: the plane cross-section after the deformation is flat and perpendicular to 
the deformed axis of the rod and does not change its cross sizes;
• hypothesis of nonpressing layers: the layers parallel to the axis, do not press against each other, that means 
that the normal stress at the sites parallel to the rod axis are absent.
If we identify the angles of rotation section about the axes y and z to derive from the transverse displacement 
along the longitudinal coordinate, then the hypothesis of plane sections provides linear distribution of longitudinal 
displacement on the cross-sectional area:
( , , ) ( ) ( ) ( ) ( ) ( ) ( )z y
dv dw
u x y z u x y x z x u x y x z x
dx dx
θ θ= − − = − −         
(1)
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Here, u, v, w are the components of the displacement vector in the coordinate system (x, y, z). The latter assumption 
limits the applicability of this theory with deflections not exceeding half of the cross-sectional size, which 
corresponds to the conditions of normal use of building structures.
The hypothesis of plane sections in conjunction with the hypothesis of small rotation angles leads to a linear 
distribution of longitudinal strain (tension / compression) on the cross-section plane:
2 2
2 2
( )
( , , ) ( ) ( ) ( ) ( ) ( )
u u x d v d w
x y z y x z x u x yv x zw x
x x dx dx
ε
∂ ∂
′ ′′ ′′= = − − = − −
∂ ∂
                                                              (2)
Here, for brevity, the partial derivative of the longitudinal coordinate x is denoted with an above stroke ( ').
We assume that the same rod material resists both tension and compression, that is, Young's modulus (modulus 
of elasticity of the first kind) is independent from the sign of the strain:
E E+ −=                                                                                                                                                                   (3)
Thanks to the second fiber hypothesis the parallel axises of the rod are in a state of uniaxial tension / 
compression. Then Hooke's law can be written for them in view of thermal expansion:
( )E Tσ ε α= − ⋅Δ                                                                                                                                                 (4)
There α is a temperature coefficient of linear expansion, which we’ll consider to be independent of temperature 
changes ΔT.
In combination with (1.2) Hooke's law gives a linear distribution of normal stresses over the cross-sectional plane 
(if we assume that the temperature is distributed uniformly over the cross section of the rod):
( , , ) ( ) ( ) ( ) ( , , )x y z Eu x Eyv x zw x E T x y zσ α′ ′′ ′′= − − − Δ                                                                                          (5)
Let us take the hypothesis of plane sections in torsion, ignoring the convergence of adjacent sections. Then the 
shift between the fiber parallel to the axis at the initial state and the fiber tangential to a circle lying in the sectional
plane, is identified with the derivative of the angle of twist in the longitudinal coordinate, so Hooke's law can be 
written in torsion as follows:
x
x
d
G Gr Gr
dx
θ
τ γ θ ′= = =                                                                                                                                         (6)
Here τ is the shear stress, θx is the angle of rotation of the cross-section relatively to the rod axis (twist angle),
2 2( )r y z= + is the distance from the axis of the rod to the considered cross-section point, the G is second-
order elastic modulus (shear modulus). 
The distribution of normal and shear stresses in the cross sections of the rod are decided to be replaced with the 
internal force factors - projections of the main vector and main moment in the axis of x, y, z of the selected system 
of coordinates:
- Longitudinal force
( ) ( )
xT
A A
u x u x
N dA EA TdA EA q
x x
σ α
⎡ ⎤∂ ∂
= = − Δ = −⎢ ⎥∂ ∂⎣ ⎦∫ ∫                                                                                           (7)
- Torque
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2 2 x
x p
A
M y z dA GJ
x
θ
τ
∂
= + =
∂∫                                                                                                                              (8)
- Bending moments
2
2
2
2
,zz z z z zT
A A
y
y y y y yT
A A
v
M ydA EJ EJ y TdA EJ m
xx
w
M zdA EJ EJ z TdA EJ m
xx
θ
σ α
θ
σ α
∂∂
= − = − + ⋅Δ = − +
∂∂
∂∂
= − = − + ⋅Δ = − +
∂∂
∫ ∫
∫ ∫
                                                                          (9)
Temperature loads qxT, myT, mzT at a given temperature distribution over the cross section are also known functions 
of the longitudinal coordinate x (and possibly time).
In drawing up the equations of motion we take the hypothesis of solidification, i.e. ignore the changes in the 
shape and size of the elementary section of the rod. We also ignore the inertia of the rotation of the cross section 
about the axes y and z. Then the differential equations of motion take the form:
22
2 2
2 2
2 2
; ; ;
; ;
yx x
x p x z y
yz z
y z y z
MMN u
A q J m Q m
x x xt t
QM Qv w
Q m A q A q
x x xt t
θρ ρ
ρ ρ
∂∂ ∂∂ ∂
= − = − = −
∂ ∂ ∂∂ ∂
∂∂ ∂∂ ∂
= − − = − = −
∂ ∂ ∂∂ ∂
                                                                             (10)
Where t is time, Qy, Qz are lateral forces, qx, qy, qz, mx, my, mz are components of the forces and moments 
distributed along the length, those we calculate with the known functions of x coordinate and time. Of course, qx,
my, mz also include and thermal components.
Note that the presence of the shear forces Qy and Qz contradicts the hypothesis of plane sections: the presence of 
the corresponding shear stresses and σxy and σxz and related shifts leads to the section warping. However, to 
implement the equations of motion (10), these forces are needed. The noted is the internal contradiction of Bernoulli 
rods theory. When calculating the strength of the structural elements made of the materials with low shear strength 
the magnitude of tangential stresses can be calculated with Zhuravsky formula:
( ) ( )
( ) ;
( ) ( )
y z z y
xy xz
z y y z
Q S y Q S z
y
J b y J b z
σ σ= =                                                                                                                        (11)
Here, Sy, Sz are static moments of the area, cut off by the lines y=const, z=const with respect to y and z axes, 
respectively; by, bz are width sections at y ɢ z y distances from the axis.
All expressions of this subparagraph are recorded in the local coordinate system of  x, y, z.
The rod status equations we obtain by combining (1), (7) ... (9), (10) into a single system:
2
2
2 2 2
2 2 2
; ; ;
; ; ;
; ; ;
; ;
z y
y yx x z z
p y z
yx x z
p x z y y z
y z
x y z
u N v w
x EA x x
MM M
x GJ x EJ x EJ
MM M
J m Q m Q m
x x xt
Q QN u v w
A q A q A q
x x xt t t
θ θ
θθ θ
θρ
ρ ρ ρ
∂ ∂ ∂
= = =
∂ ∂ ∂
∂∂ ∂
= = − = −
∂ ∂ ∂
∂∂ ∂ ∂
= − = − = − −
∂ ∂ ∂∂
∂ ∂∂ ∂ ∂ ∂
= − = − = −
∂ ∂ ∂∂ ∂ ∂
                                                                             (12)
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By this system, you must add the boundary and initial conditions. The initial conditions must be set for 
displacements and their velocities:
1 1 1
1 1 1
2 2 2
2 2 2
( ,0) ( ); ( ,0) ( ); ( ,0) ( );
( ,0) ( ); ( ,0) ( ); ( ,0) ( );
( ,0) ( ); ( ,0) ( ); ( ,0) ( );
( ,0) ( ); ( ,0) ( ); ( ,0) ( )
x x y y z z
yx z
x y z
u x u x v x v x w x w x
x x x x x x
u v w
x u x x v x x w x
t t t
x x x x x x
t t t
θ θ θ θ θ θ
θθ θθ θ θ
= = =
= = =
∂ ∂ ∂
= = =
∂ ∂ ∂
∂∂ ∂
= = =
∂ ∂ ∂
                                                                           (13)
The boundary conditions are set on both ends of the rod:
- Kinematic conditions:
3 3 3
3 3 3
4 4 4
4 4 4
(0, ) ( ); (0, ) ( ); (0, ) ( );
(0, ) ( ); (0, ) ( ); (0, ) ( );
( , ) ( ); ( , ) ( ); ( , ) ( );
( , ) ( ); ( , ) ( ); ( , ) ( )
x x y y z z
x x y y z z
u t u t v t v t w t w t
t t t t t t
u L t u t v L t v t w L t w t
L t t L t t L t t
θ θ θ θ θ θ
θ θ θ θ θ θ
= = =
= = =
= = =
= = =
                                                                                              (14)
- Power conditions:
3 3 3
3 3 3
4 4 4
4 4 4
(0, ) ( ); (0, ) ( ); (0, ) ( );
(0, ) ( ); (0, ) ( ); (0, ) ( );
( , ) ( ); ( , ) ( ); ( , ) ( );
( , ) ( ); ( , ) ( ); ( , ) ( )
y y z z
x x y y z z
y y z z
x x y y z z
N t N t Q t Q t Q t Q t
M t M t M t M t M t M t
N L t N t Q L t Q t Q L t Q t
M L t M t M L t M t M L t M t
= = =
= = =
= = =
= = =
                                                                                  (15)
At either end the mixed conditions can be set. In determining the mixed conditions at one end cannot be specified 
at the same time kinematic and power values, forming "generalized force" and "generalized displacement" pair.
3. Conclusion
The system (12) is linear in the above made assumptions. To execute a programmed calculation, it is convenient 
to rewrite it in a matrix form. For this we introduce the state vector that combines kinematic and force factors:
{ }( , )x y z x y z y zu v w M M M N Q Q x tθ θ θ=y                                                                     (16)
Then system (12) can be rewritten as:
2
2
( , ) ( , )
A ( , ) M ( , )
x t x t
x t x t
x t
∂ ∂
= + −
∂ ∂
y y
y q                                                                                                              (17)
The matrix A captures the essence of geometrical and static hypotheses adopted in the derivation of the basic 
equations and the matrix M - hypothesis adopted in determining the inertial forces. These matrices are independent 
of position coordinates and time. The non-zero components of the matrix A have the form:
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( )
( )
1
1,10 2,6 3,5 8,12 9,11
1 1 1
4,7 5,8 6,9
; 1;
; ( ) ; ( )p y z
A EA A A A A
A GJ A EJ A EJ
−
−
− −
= = = = − =
= = − = −
                                                                                                 (18)
The non-zero components of the matrix M:
7,4 10,1 11,2 12,3;pM J M M M Aρ ρ= = = =                                                                                                              (19)
Vector of the external distributed loads is:
{ }( , ) 0 0 0 0 0 0 ( , )x y z x y zx t m m m q q q x t=q                                                                       (20)
The boundary and initial conditions are similarly converted.
In order to obtain a formulation static problem, it is enough (17) to take that the matrix M is equal to zero.
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